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a b s t r a c t
The mechanics of biological tissue is largely determined by the mechanics of biopolymer
networks such as the extracellular matrix on cellular scale or the cytoskeleton on subcellular scale. Micromechanical simulations of biopolymer networks have thus attracted
increasing interest in the last years. Here we introduce a simulation framework for biopolymer networks based on a ﬁnite element model of the ﬁlaments with a backward Euler
time integration scheme. This approach surpasses previously published ones, especially
those based on bead-spring models, by its sound theoretical foundation, a great ﬂexibility,
and at the same time an efﬁciency gain of approximately two orders of magnitude. Thereby
it allows for addressing problems no previous numerical method could deal with, e.g., the
micromechanical analysis of the viscoelastic moduli of crosslinked biopolymer networks in
the low frequency regime or the analysis of the thermal equilibrium phases of such networks. By means of several examples it is discussed how this capacity can be exploited
in multiscale simulations of biological tissue on cellular and subcellular scale.
Ó 2012 Elsevier Inc. All rights reserved.

1. Introduction
The mechanics of biological tissue is on both cellular and subcellular scale largely determined by the mechanics of biopolymer networks: on cellular scale, the cohesion between cells is ensured by the extracellular matrix, which is a biopolymer
network consisting to a large extent of collagen ﬁbers. On subcellular scale, the cytoskeleton, another biopolymer network
mainly consisting of actin ﬁlaments, microtubules, and intermediate ﬁlaments, plays a crucial role for a variety of processes
such as cell division, cell motility and mechanotransduction.
As a consequence, the mechanics of biopolymer networks has recently attracted rapidly increasing interest especially
among biophysicists, bioengineers, biomedical engineers, mechanical engineers and material scientists. The great complexity and small length scale of these networks pose a great challenge for both experimental and theoretical investigation,
which has given rise to the development of a variety of computational methods and models in this ﬁeld. These can be divided
into two main categories as illustrated in Fig. 1: macromechanical and micromechanical models.
In the ﬁrst category, biopolymer networks are considered as macroscopic continua [1]. Their microstructure such as ﬁlament arrangement and interconnection is typically accounted for only by means of suitable nonlinear constitutive laws. By
this ﬁrst approach, large systems can be simulated at a low computational cost, however, at the prize that the simulation
does not deliver detailed insights into processes on small length scales. This information has rather to be fed into the simulation algorithms in advance. As in life sciences simulations are often desired to provide information about exactly the very
small length scales where experiments are especially difﬁcult or even impossible, more detailed models are often required.
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simulation methods for polymer networks
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Fig. 1. Taxonomy of methods for the simulation of biopolymer networks: from left to right the computational cost is increasing, but also the information,
which can be gained by the respective computational technique.

For this reason, analytical and numerical micromechanical models resolving the network down to the level of single ﬁlaments, i.e., to the length scale 1–10 lm, have been developed. They can be divided into those neglecting and those accounting for the stochastic thermal ﬂuctuations to which ﬁlaments are exposed, according to the laws of statistical mechanics. If
stochastic thermal ﬂuctuations are neglected, ﬁlaments can be simulated on the basis of deterministic Newtonian mechanics
in a quasi-static [2–4] or dynamic [5] way that include the molecular structure of the polymer to some degree. This approach
can give insight into the mechanical properties of, for example, bundles of biopolymers and other dense aggreagates, when
thermal ﬂuctuations are not expected to play a dominant role. However, studies of the elastic properties of biopolymer networks demonstrate that neglecting thermal ﬂuctuations is deﬁnitely not appropriate for networks composed of individual
ﬁlaments. Thermal ﬂuctuations are also central for decriptions of the interplay between mechanics and biochemistry (‘mechano-chemistry’) or the dynamic structural reorganisation in biopolymer networks, for example in the formation of
lamellipodia.
Numerical simulation methods that attempt to capture thermal ﬂuctuations can be grouped into those that aim to account only for the equilibrium thermodynamics and those addressing also non-equilibrium effects. In the ﬁrst case, it is sufﬁcient to capture the probability of all network conﬁgurations correctly in some way as it is done for example in MetropolisMonte-Carlo models [6] without paying major attention to transition processes and probabilities between these conﬁgurations. In the second case, also the dynamical evolution of networks is captured. To this end, one typically employs methods
based on the theory of Brownian dynamics and different kinds of ﬁlament discretizations such as bead-spring models [7,8],
rods-on-string-models [9] or worm-like-chain segment models [10].
In simulation studies of networks of highly ﬂexible polymers, such as rubber, the particular details of the polymer discretization are less important and any of these models can be used. The reason is that the key physical properties of these
systems can be expressed in terms of power-law scaling relations, such as the dependence of the elastic moduli of the network on cross-link and monomer density. These scaling relations have been shown to be independent of the detailed properties of the monomers composing the polymer. However, for solutions of biopolymers, such as F-actin, ‘universality’ of
important physical properties cannot be taken for granted and the details of the polymer discretization play a crucial role.
For example, F-actin bundles are strongly affected by their chirality: it determines the diameter of F-actin bundles. Deﬁnite
chirality is in fact the hallmark of biomolecules in general, wheras the numerical models mentioned above lack material triads and are therefore inherently non-chiral. Not only does this limit their capacity to capture biochemistry and mechanochemistry of biopolymers correctly, but it even prevents them from capturing essential mechanical features such as
torsion and anisotropic bending stiffness. So far proposed extensions of the above discretizations by material triads in order
to account for these features result in inefﬁcient algorithms, which partially even suffer from numerical instability in case of
general deformation owing to singularities [11–13].
Not only in this respect do the above mentioned polymer discretizations exhibit severe deﬁciencies, but also with respect
to computational performance. Especially, classical bead-spring models with explicit time integration – which are the state
of the art in computational polymer physics at the moment – suffer from an excessive computationl cost rendering the simulation of complex networks on the biologically most relevant time scale 10–103 s impossible [7,8]. So far proposed remedies
in order to reduce the computational cost of state-of-the-art methods such as inextensibility contraints [14] go along with
signiﬁcant theoretical intricacies and the loss of the capacity to capture certain physical phenomena such as axial stretching.
Summarizing the above facts, one can say that there is a signiﬁcant need for micromechanical computer simulations of
crosslinked biopolymer networks including non-equilibrium statistical mechanics and chirality of biopolymers on the length
scale 1–10 lm and time scale 10–103 s, but no known method by which such simulations can be performed at an acceptable
computational cost.
In this article we propose such a method. It is based on a micromechanical continuum model of biopolymer networks
which is pointed out in detail in Section 2. Section 2 essentially summarizes widely known facts about micromechanical
models of biopolymer networks. It may be understood as an introduction for the reader not yet familiar with this ﬁeld
and skipped by the others. In Sections 3–5 it is pointed out how ﬁnite element simulations of biopolymer networks can
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be conducted on the basis of the model described in Section 2. After a short discussion of the application of such simulations
to multiscale problems, the capacity and performance of the proposed approach are illustrated by means of several numerical examples in Section 7.
2. Micromechanical continuum model of biopolymer networks
Biopolymer networks are formed by three main constituents: polymer ﬁlaments, crosslinker molecules (referred to also
as ‘linkers’ in the following) which connect these ﬁlaments by transient chemical bonds, and a background ﬂuid into which
ﬁlaments and linkers are embedded. In Fig. 2, some examples of biopolymer networks consisting of actin ﬁlaments with different types and concentrations of crosslinker molecules are depicted. In the pictures only the ﬁlaments are clearly visible.
The background ﬂuid is typically an aqueous solution and therefore nearly transparent. The size of the linkers ranges on the
nanometer scale so that they cannot be seen on the images in Fig. 2, which depict a sector of some microns edge length,
respectively. The variety of completely different network architectures which can be formed by one and the same kind of
ﬁlament just by the application of different linkers is remarkable.
The ﬁrst important question is how to model the three main constituents of biopolymer networks in view of their small
size. It is well-known that the behaviour of atoms as well as of any system constituted by atoms can be predicted in an accurate manner by the application of the laws of quantum mechanics to the entire system. However, the tremendous complexity of the resulting equations renders it impossible to pursue that strategy when trying to simulate systems consisting of
more than just some dozens of atoms. To overcome that problem, one often resorts to molecular dynamics (MD) simulations,
where effects of quantum physics are not considered explicitly, and single atoms or small packages of atoms are the smallest
units. These are modeled on the basis of Newtonian mechanics, and their equations of motion typically account for potentials
due to bonds between neighbouring units, non-bonded potentials as well as potentials originating from coulombic forces.
Although MD models are much more efﬁcient than quantum mechanical simulations, even an MD simulation of a minor biopolymer network on a time scale relevant for cell and tissue mechanics would by far exceed the computational resources
available at the moment. On the other hand, the mechanics of biopolymer networks is primarily governed by deformations
on the length scale of single ﬁlaments, which are typically some micrometers long. On this length scale, it is well-known
from microﬂuidics as well as experimental polymer physics that continuum models already apply. Linkers are typically
much smaller than ﬁlaments so that modeling them accurately by similar techniques may be more difﬁcult. However, for
reasons discussed below also for linkers a continuum model is expected to be sufﬁcient when focussing on the mechanics
of whole networks rather than of single linkers. The coarse-graining step from MD models to continuum models goes along
with a vast reduction of the computational cost enabling even the simulation of entire biopolymer networks. Yet the essential information about micromechanical processes in the network on the level of single ﬁlaments is still kept. Thus, such a
micromechanical continuum approach provides an excellent trade-off between computational cost and information gain and
will be developed in detail in the following Sections 2.1, 2.2 and 2.3.
2.1. Fluid
From microﬂuidics it is well-known that a continuum model based on the Navier–Stokes equations is suitable for ﬂuid
volumes down to the micrometer length scale relevant for biopolymer networks. Modeling the ﬂuid in these networks,
one is confronted with two major difﬁculties: ﬁrst, on the length scale of biopolymers stochastic thermal ﬂuctuations according to the laws of statistical mechanics affect the ﬂuid velocity ﬁeld perceptibly; second, the ﬂuid dynamics is affected by
complex ﬂuid–structure interactions with all the ﬁlaments and linkers in the network. These two effects can be accounted
for in detail only at a considerable computational cost. Therefore various simpliﬁcations are common in polymer physics (cf.
[16,17,7,8]): Due to the small length scale, low velocities and high viscosities, Reynolds and Mach numbers are usually small

Fig. 2. Examples for biopolymer networks in vitro: (a) actin-HMM network (52lm  52lm), (b) actin-fascin bundle network (52 lm  52 lm), (c) actinﬁlamin bundle network (60 lm  60 lm) [15], (d) actin cluster (41 lm  41 lm) [15].

Author's personal copy
C.J. Cyron et al. / Journal of Computational Physics 244 (2013) 236–251

239

in biopolymer networks. Thus a linearized version of the incompressible Navier–Stokes equations can be applied [17] so that
the ﬂuid velocity ﬁeld can be separated into a deterministic part and a stochastic part owing to the thermal ﬂuctuations.
Because of the very small diameter and total volume fraction of ﬁlaments and linkers in the whole network (e.g., in a 4l
M actin network the ﬁlament diameter is 5 nm and the volume fraction 6.5 %), the effect of the ﬁlament and linker motion
on the deterministic part of the ﬂuid velocity ﬁeld is small. Therefore the deterministic part of the ﬂuid velocity ﬁeld is computed initially on the basis of the boundary conditions of the simulation volume only, and the forces and moments it entails
for ﬁlaments and linkers are captured by simple friction coefﬁcients assuming a Newtonian ﬂuid. The stochastic part of the
ﬂuid velocity ﬁeld has then never to be computed explicitly, because it causes no effective drag, but only a stochastic excitation independent on ﬂuid, ﬁlament and linker motion. This excitation, however, can be computed immediately from the
friction coefﬁcients of ﬁlaments and linkers according to the ﬂuctuation–dissipation theorem [16]. In general, the deterministic part of the ﬂuid velocity ﬁeld can be computed by standard methods such as the ﬁnite element or ﬁnite volume method.
In practice, not even this may be necessary as it is often either zero or a simple shear ﬂow which can be calculated analytically without any discretization. Therefore the treatment of the ﬂuid velocity ﬁeld will not be discussed in any more detail
below, and it will rather be assumed to be given.
More sophisticated models for the ﬂuid including the ﬂuid–structure interactions in one or another way may be an interesting avenue of future research. These may either be based on a simple consideration of the Navier–Stokes equations’ characteristics similar to the Oseen- or Rotne-Prager tensors well-known in polymer physics [18,19] or on more sophisticated
ideas such as presented in [20] or [21].
2.2. Filaments
Force transmission in biopolymer networks is usually assumed to occur predominatly via the ﬁlaments. These are rod-like
structures whose length typically ranges between 100 nm and 100 lm and whose slenderness ratio may reach from 10 to far
above 1000. From a variety of experiments (e.g., [22–25]) it is well-known that not only the ﬂuid on that length scale can be
modeled as a mechanical continuum, but that also rod-like structures such as biopolymers can be considered as mechanical
continua with axial, bending and torsion stiffness so that classical beam theories such as the one of Euler and Bernoulli can
be employed [26]. Thus the dynamics of ﬁlaments has not to be modeled on the basis of quantum mechanics or molecular
dynamics (MD), but rather a coarse grained continuum model can be used instead of an atomistic or molecular one. Employing a continuum model, the equation of motion of a ﬁlament, i.e. its balance of linear and angular momentum, comprises the
following quantities.
First, viscous forces f v isc and moments mv isc account for the damping the ﬁlament experiences moving through the ﬂuid.
It is underlined that in the model developed in the following only such external friction is considered and not any kind of
internal friction in the ﬁlaments as discussed in [27]. In polymer physics, such internal friction is typically assumed to play
only a minor role, and if necessary it can be added to the approach developed below by only some minor modiﬁcations.
Second, stochastic forces f stoch and moments mstoch capture the stochastic excitation of the ﬁlament by the thermal ﬂuctuations in the ﬂuid. They are related to the viscous forces and moments by the ﬂuctuation–dissipation theorem as already
mentioned in Section 2.1 and discussed in more detail below.
Third, miscellaneous deterministic interactions between a ﬁlament and either other ﬁlaments, linkers or the ﬂuid are
summed up in the determinisitic external forces f ext and the moments mext . These miscellaneous interactions may be long
range interactions, e.g., owing to electrostatic potentials, or short range interactions, e.g., due to contact between different
ﬁlaments or linkers or due to chemical bonds.
As the mass of a body scales cubically with its size, but its surface only quadratically, inertia can usually be neglected as
compared to friction on the small length scale of single ﬁlaments in a polymer network so that dynamics can be modeled by
a differential equation of only ﬁrst order in time. It should be noted that by this modeling assumption the applicability of the
present model is in principle limited towards larger length scales, although this limitation can typically be disregarded for
the simulation of biopolymer networks. Mathematically, viscous forces and moments can typically be modeled as smooth
functions, miscellaneous external forces and moments as smooth functions in case of long range interactions and as point
loads in case of short range interactions. For the stochastic excitations f stoch and mstoch , the situation is more difﬁcult: physically, they are caused by the random thermal motion of a large number of particles in the surrounding ﬂuid which interact
with the ﬁlament for example by collisions or transient chemical bindings. Due to the tremendous number and small size of
these particles as well as the approximate pairwise independence of their trajectories, the resulting stochastic excitation can
be modeled by functions piecewise C0 -continuous on intervals of the length Dn ! 0. Precisely, one models the stochastic
excitation by so-called space–time white noise functions as discussed in more detail below. This turns the equation of motion into a stochastic partial differential equation (SPDE), which is usually referred to as Brownian equation of motion.
A key question for the simulation of biopolymer networks is how to discretize this SPDE in space and time efﬁciently.
Despite the dominant role of Brownian dynamics (BD) in polymer physics [16], still purely heuristic models such as
bead-spring and bead-rod models with explicit Euler time integration are most common in computational polymer physics.
These models capture the essential features of BD correctly, but are based on physical intuition rather than on a rigorous
mathematical foundation. Moreover, they either require non-physical constraints entailing signiﬁcant intricacies and
rendering the simulation of certain phenomena such as axial extension of ﬁlaments impossible [14], or they suffer from serious performance problems when employed for the simulation of large systems [7,8]. To overcome these severe deﬁciencies,
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a ﬁnite element method for the simulation of polymers and other microscopic rod-like continua was developed in [28–30].
This method is derived from ﬁrst principles of Newtonian and statistical mechanics in a stringent mathematical way and at
the same time exhibits a superior performance. However, so far, it has been applied only to the simulation of single ﬁlaments
rather than of whole biopolymer networks. In this article we will brieﬂy recall its most important features in Section 3 and
then demonstrate how to make use of it in simulations of biopolymer networks.
2.3. Linkers
Filaments in biopolymer networks may be connected mechanically by crosslinking molecules, to which we will refer in
the following also as linkers. Linkers are typically between 5 nm (fascin, [31]) and 100 nm (ﬁlamin, [32]) long and thus much
smaller than the ﬁlaments in the networks, which are most often at least some microns, in experiments even several tens of
microns long. They can form up to two chemical bonds with so-called binding sites on the ﬁlaments. Hence, we may distinguish between three states of linkers:
(I) free (i.e., without any chemical bond to any ﬁlament),
(II) singly bound (i.e., with one chemical bond to some ﬁlament),
(III) doubly bound (i.e., with two chemical bonds to ﬁlaments).
Free linkers are solved as particles in the ﬂuid and not expected to take part in the force transmission in the network perceptibly. Rather they represent a pool of particles which can form chemical bonds with ﬁlaments close by and thereby
change to a state of greater mechanical importance. Therefore only the position of these particles matters, because it is
the basis for the decision which ﬁlaments are close enough to establish a chemical bond. Neglecting their internal structure
ﬂuctuations, they are thus modeled as point-shaped particles moving through the network stochastically according to the
laws of Newtonian and statistical mechanics.
Linkers which are already bound to one ﬁlament are not supposed to perceptibly affect the network mechanics, either.
Excessive amounts of such linkers may change the effective stiffness of the ﬁlament to which they are attached, but even
this effect is expected to be negligible in most cases. Therefore such linkers are still modeled as point-shaped particles,
but not in stochastic Brownian motion, but rather attached to a ﬁlament at a certain point. If they come close enough to another binding site they may form a second chemical bond and become doubly bound linkers.
Linkers having established chemical bonds to two ﬁlaments can be modeled as rod-like continua coupling these ﬁlaments
with an effective stretching, shear, torsion and bending stiffness. Like the ﬁlaments themselves, they are subject to viscous
damping and stochastic excitation from the ﬂuid. Indeed, this rough model is not expected to resolve the internal deformation of linkers accurately. However, on the basis of the data available about linkers at the moment, this seems impossible
anyway: the small size of linkers signiﬁcantly complicates experimental studies of their mechanical properties, and so far
this lack of experimental data has been compensated only partially by data from MD simulations. Once more information
will be available about linkers in the future, the here introduced linker model can be reﬁned easily and without major implications for the ﬁlament and ﬂuid model.
Altogether, in a computer simulation based on the above linker model, for free and singly bound linkers only the positions
have to be tracked, whereas for doubly bound linkers also the force transmission they allow between ﬁlaments has to be
captured. How to do so, is pointed out exactly in Section 4.
2.4. Interactions
Not only ﬂuid, ﬁlaments, and linkers have to be modeled, but rather also the interactions between them. As discussed
above, the viscous interactions between ﬂuid and ﬁlaments can be captured by viscous and stochastic forces and moments
in the equation of motion of the ﬁlaments. In addition to that also electrostatic interactions between the ﬂuid and ﬁlaments
may arise because ﬁlaments are in general charged (e.g., actin ﬁlaments exhibit a linear charge density of 4e=nm [33]). By
this charge ﬁlaments may interact with ions in the surrounding ﬂuid. A great number of models for this aqueous electrostatics has been described in the literature. Here we abstain from any detailed discussion and simply assume that this effect can
be accounted for by ionic correction factors, which can be incorporated similarly to shear correction factors in classical beam
mechanics in the effective stiffness of ﬁlaments and do not require any further numerical modeling effort. The same as for
interactions between ﬁlaments and ﬂuid is assumed, of course, also for interactions between linkers and ﬂuid. Thus, only
interactions between ﬁlaments and linkers remain to be discussed. In experiments so far two main types of such interactions
have been observed:
(I) chemical interactions,
(II) contact interactions.
Chemical interactions lead to the formation of chemical bonds between linkers and ﬁlaments and thereby turn free linkers
into singly bound ones and singly bound linkers into doubly bound ones. These bonds are in general only temporary and
disaggregate stochastically after a while owing to thermal ﬂuctuations. Such unbinding events turn doubly bound linkers
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into singly bound ones and singly bound linkers into free ones. Contact interactions play an important role when ﬁlaments
and linkers come close to each other and prevent them from overlapping. Direct electrostatic interactions between ﬁlaments
and linkers except for those in chemical and contact interactions are neglected in this article, because their impact is typically strongly limited by the ionic patterns in the ﬂuid shielding charged ﬁlaments and linkers. In certain special cases such
interactions may matter,e.g., for the diffusion of charged particles in polymer networks [34] or also for the network architecture in the presence of certain linker types [35], but a discussion of these cases would go beyond the scope of this paper.
2.5. Summary of modeling
Biopolymer networks can be modeled on a micromechanical scale as complex systems consisting of three main constituents: a ﬂuid, ﬁlaments and linkers. These can be modeled as continua, respectively. Often the ﬂuid can be handled by standard methods and even without a discretization. In opposition to that, ﬁlaments, linkers and the interactions between them
have to be considered explicitly in a numerical simulation. How to do so will be discussed in detail in the Sections 3–5.
3. Numerical model of ﬁlaments
The most important constituent of biopolymer networks are the polymers themselves, for which a continuum model was
developed in [28–30]. This cornerstone of the model will be brieﬂy recapitulated in the following: biopolymers of length L
can be modeled as rod-like Cosserat continua, i.e. at a point in time t 2 ½0; t max  as curves in R3  SOð3Þ with curve parameter
n 2 ½0; L where SO(3) is the special orthogonal group. In a rod-like Cosserat continuum to each material curve point n at a
certain point in time t both a spatial point xðn; tÞ 2 R3 and a triad Rðn; tÞ 2 SOð3Þ is assigned. The curve x represents the center
line of the polymer backbone, and the columns of the triad Rðn; tÞ represent the three principal axes of the cross section at the
point xðn; tÞ of this center line. The triad Rððn; tÞÞ is equivalent to some orientation vector hðn; tÞ 2 R3 so that the motion of a
single biopolymer may be completely characterized by the two functions

x : ½0; L  ½0; t max  ! R3 ;

ðn; tÞ # xðn; tÞ;

ð1Þ

h : ½0; L  ½0; t max  ! R3 ;

ðn; tÞ # hðn; tÞ:

ð2Þ

The functions x and h are the solution to the equations of motion

f

el ðx; h; n; tÞ

þ f v isc ðx; h; n; tÞ ¼ f

ext ðx; n; tÞ

þf

stoch ðx; h; n; tÞ;

mel ðx; h; n; tÞ þ mv isc ðx; h; n; tÞ ¼ mext ðx; n; tÞ þ mstoch ðx; h; n; tÞ þ x0 ðn; tÞ  qel ðx; h; n; tÞ:

ð3aÞ
ð3bÞ

Here f v isc , mv isc , f stoch , mstoch , f ext , mext are the viscous, stochastic and deterministic external force and moment loads per unit
length. Eq. (3a) represents the balance of linear momentum and Eq. (3b) the balance of angular momentum. Partial derivatives with respect to the curve parameter n are denoted by a prime and partial derivatives in time will be denoted in the
following by an overdot. The elastic section force qel and the elastic section moment are, as usual for one-dimensional continua, deﬁned as the integral and resulting moment of the internal stresses. The derivatives of the section force and moment
with respect to n are f el and mel , respectively. Assuming a Newtonian ﬂuid, the viscous forces and moments can be computed by

f v isc ¼ c t ½x_  v ðxÞ;

ð4aÞ



mv isc ¼ c r h_  xðxÞ :

ð4bÞ

Here v and x are the translational and rotational velocity ﬁeld of the background ﬂuid, and c t and c r are the translational and
rotational damping tensors. According to the ﬂuctuation dissipation theorem, the stochastic forces and moments are then
Gaussian random variables with

hf

stoch i

hf

stoch

¼ 0;

f

stoch i

ð5aÞ
¼ 2kB Tc t dtt dnn ;

ð5bÞ

hmstoch i ¼ 0;

ð6aÞ

hmstoch  mstoch i ¼ 2kB Tc r dtt dnn ;

ð6bÞ

where h:i denotes an average, kB the Boltzmann constant, t; t  and n; n represent in general different points in time and space,
respectively, and dtt is the Dirac-function with argument t  t . As pointed out in detail in [28–30], (3) can be discretized by
nonlinear beam elements of reference length h in space and a backward Euler scheme in time, which allows for a simple and
highly efﬁcient simulation of the ﬁlaments in biopolymer networks.
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4. Numerical model of linkers
4.1. General
For setting up a numerical model of linkers, some initial deﬁnitions are helpful. First of all, the distance between the two
binding domains of a linker is assumed to range in the interval ½Rcl  DRcl ; Rcl þ DRcl . Here, Rcl is the characteristic distance
between the two binding domains and DRcl a tolerance accounting for the fact that the actual distance between the binding
domains may vary over time, e.g., owing to minor thermal ﬂuctuations of the linker position, orientation and conﬁguration.
Values of Rcl are presented in Table 1 for several linkers common in biopolymer networks.
The position of the point in the middle between the two binding domains is denoted by xcl;c . In general, the lower index
ð:Þcl is reserved in this article to mark properties of and quantities related to linkers. Then linkers can be modeled in computer
simulations depending on their current state as follows.
4.2. Free linkers
As discussed in Section 2.3, for a free linker it is enough to keep track of its position in space so that it can be modeled as a
point-like particle with position xcl;c and friction coefﬁcient fcl . In general, its equation of motion is then given by

f v isc;cl ðxcl;c ; x_ cl;c ; tÞ ¼ f

ext;cl ðxcl;c ; tÞ

þf

stoch;cl ðxcl;c ; tÞ;

ð7Þ

where f v isc;cl is the viscous force the linker experiences moving through the background ﬂuid, f ext;cl is the sum of external
deterministic forces the linker is subject to, e.g., as a consequence of force ﬁelds, and f stoch;cl is the stochastic thermal force
exerted by the thermal bath into which it is embedded. In a Newtonian ﬂuid, the viscous force is simply given by

f v isc;cl ¼ fcl x_ cl;c ;

ð8Þ

and the stochastic force is then according to the ﬂuctuation–dissipation theorem

f

stoch;cl

¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_ cl ðtÞ
2kB Tfcl W

ð9Þ

with the standard Wiener process W cl ðtÞ. For the computation of the position xcl;c , a simple backward Euler scheme can be
applied to (7) in general. In the special case of a constant friction coefﬁcient and negligible external deterministic forces, the
position increment in a time step is just the respective increment of the Wiener process W cl ðtÞ times a constant factor.
4.3. Singly bound linkers
As discussed in Section 2.3, also for singly bound linkers it is enough to keep track of their position, because they are not
assumed to play a major role for force transmission and mechanics of biopolymer networks. However, in opposition to the
position of free linkers, theirs is not governend by stochastic, thermal motion, but rather by the motion of the ﬁlament they
are bound to. Thus we do not compute the position of singly bound linkers explicitly, but simply assume that they follow the
binding site to which they are attached without affecting the dynamics of the ﬁlament on which this binding site is situated.
4.4. Doubly bound linkers
Doubly bound linkers form elastic and often rather stiff connections between two ﬁlament binding sites. Anyway, an
extensional stiffness has to be attributed to this mechanical connection. Depending on whether experiments suggest either
a ﬁnite or a negligible bending and torsion stiffness, doubly bound linkers are therefore represented by either ﬁnite beam
elements or simple truss elements. The reference length of these elements may be set equal to the distance between the
two ﬁlament binding sites connected by the linker at the point in time when the connection is established. In addition to
stiffness, so-called active linkers (motor proteins) may have an additional characteristic property which is the force or moment they can actively exert on the ﬁlaments they connect in order to shift or turn them against each other. This property of
active linkers is well-known to play a key role in the rearrangement of the cytoskeleton during cell migration so that active
linkers in general play an important role in cell biology. A variety of fundamental properties of biopolymer networks, however, can already be studied only by means of passive linkers. Therefore, the focus of this article is limited for simplicity on
the latter ones, leaving the issue of active linkers for future work.

Table 1
Biologically especially relevant crosslinker molecules, the characteristic distance Rcl they bridge, and references to more information in the literature. HMM
(heavy meromyosin) is a fragment of the motor molecule myosin II and is often used as a crosslinker molecule in vitro, but not in vivo.’’
Crosslinker type
Rcl
Reference

HMM
40 nm
[36]

a-Actinin
40 nm
[37]

Filamin
98 nm
[32]

Fascin
5 nm
[31]

Espin
5 nm
[31]
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4.5. Discussion
Using the above linker model in computer simulations, an important question is how to determine the required numerical parameters such as the characteristic binding length Rcl or the stiffness of the linkers. In principle, there are two ways
how to determine these quantities: experimentally (e.g. [38]) or by MD simulations (e.g., [39,40]). The considerable difﬁculties of single-molecule experiments on the one hand and the fast-growing power of computational methods on the other
hand gives rise to the expectation that data gained by MD simulations will be especially relevant in the future.
Finally, it seems worth comparing the above linker model to previously published models. So far, mainly two linker models have been studied in the literature: in the ﬁrst model [5,3,4], all ﬁlaments are connected by a linker as soon as they get
close enough to each other. Motion and position of unbound linkers are not simulated explicitly. The number of linkers can
be limited by some upper bound or left unlimited. In the second model [7,8], also free and singly bound linkers are simulated.
The ﬁrst way of modeling linkers can obviously not account for linker diffusion. As long as a certain maximal number of
links has not yet been exceeded, linkers are just assumed to be available wherever ﬁlaments come close enough to each other
to be connected. In reality, however, the motion and therefore also availability of linkers at a certain point in space is governed and also limited by thermal diffusion forces, kinematic constraints, which, e.g., prevent linkers from intersecting with
ﬁlaments or other linkers, and sometimes also electrostatic potentials. In certain cases, one may not be interested in a detailed simulation of the interplay between these factors and then the ﬁrst linker model is completely sufﬁcient. However, a
variety of highly important physical effects cannot be studied at all with this model: for example surveying the non-equilibrium thermodynamics of polymer networks usually requires a fairly accurate model of the dynamics of all main constituents of the network, especially of both the ﬁlaments and the linkers. Kinematic constraints delaying or even suppressing the
motion of linkers may crucially affect the way ﬁlaments can interact with each other so that the computer simulation of nonequilibrium thermodynamics is in general impossible using the ﬁrst linker model. In addition to that, also certain equilibrium effects go beyond the scope of this ﬁrst model: for example, the attractive potential of ﬁlament binding sites directly
governs the number of crosslinks in the network. This potential can only be determined by computer simulation if the competition between linker binding energy and linker diffusion is simulated explicitely.
The linker model introduced in Section 4 is obviously of the second type and offers therefore a powerful basis for the simulation of both equilibrium and non-equilibrium processes.
5. Numerical model of interactions between ﬁlaments and linkers
5.1. Chemical bonds
Filaments and linkers may interact with each other by chemical bonds which transmit forces and moments. In the following, we will assume that such bonds arise only between one ﬁlament and one linker, respectively. Direct chemical bonds
between two ﬁlaments or two linkers will not be discussed as in biopolymer networks such bonds are typically assumed
either not to arise at all or not to matter. It is emphasized, however, that the quantitative considerations below about bonds
between one ﬁlament and one linker can be directly applied also to chemical bonds between two ﬁlaments or two linkers if
this required in some special case in the future.
To form a chemical bond, a linker L and a free ﬁlament binding site F have to be sufﬁciently close to each other, i.e., the
linker has to be within the so-called reaction volume V react of the binding site. Once this is the case, both molecules can form
a bond if they reach a proper relative position and orientation. In a very short time interval Dt, where the probability of multiple binding and unbinding events is negligible, this can be modeled by a Poisson process with a so-called on-rate kreact;on ,
and the probability for binding can be computed by

pon ¼ 1  exp ðkreact;on DtÞ:

ð10Þ

Similarly, unbinding of a linker already bound to a ﬁlament happens with an off-rate kreact;off and the probability



poff ¼ 1  exp kreact;off Dt :

ð11Þ

In computer simulations based on the method introduced in this article, ﬁlament and linker positions are known at each
point in time. Thus for a numerical model of chemical interactions between ﬁlaments and linkers, one just has to deﬁne
the position of the binding sites on the ﬁlaments and their respective reaction volume.
In principle, a binding site may be any point on the ﬁlament. In reality, binding sites are usually periodically distributed
over ﬁlaments with a characteristic distance hbind . If ﬁlaments are discretized with ﬁnite elements, the simplest way of modeling binding sites is setting hbind equal to the ﬁnite element discretization length h and deﬁning the ﬁnite element nodes as
the binding sites of the ﬁlament. This allows for modeling doubly bound linkers just as ﬁnite beam or truss elements connecting two already existing nodes in the ﬁlament discretization. Indeed, this simple model is employed in all the examples
discussed in Section 7.
Modeling the reaction volume is possible in various ways. In view of Section 4, it seems reasonable assuming that free
linkers can react with binding sites, if the distance between the linker center xcl;c and the binding site ranges in the interval
½ðRcl  DRcl Þ=2; ðRcl þ DRcl Þ=2. Singly bound linkers on the other hand can bind to another binding site only if the distance of
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this binding site and the one they are already attached to ranges in the interval ½Rcl  DRcl ; Rcl þ DRcl . By means of these two
distance criteria one can decide whether a linker is in the reaction volume of a binding site. If so, the calculation of the binding probability between both is possible by (10) for a simulation time step of length Dt.
This model can be extended easily by additional geometric constraints reﬁning the deﬁnition of the reaction volume. A
comprehensive discussion of such constraints would go beyond the scope of this paper, however, at least one example seems
worth being discussed: it is well-known that certain types of linkers can connect only ﬁlaments in certain relative orientations. The linker fascin, e.g., can link only almost parallel ﬁlaments [41], whereas the linker alpha-actinin is ﬂexible and
rather insensitive towards the orientation of the linked ﬁlaments [41]. This can be modeled by a simple orientation constraint: singly bound linkers are assumed to be in the reaction volume of a free binding site only if the angle between the
ﬁlament on which this binding site is situated and the ﬁlament to which the linker is already attached to ranges in the interval ½/  D/; / þ D/. Here / may be considered as preferred binding angle and D/ as tolerance around it. The angle between
the ﬁlaments can be computed in a ﬁnite element model either from the triads representing the cross section orientation of
the ﬁlaments or alternatively from the tangents to the three dimensional curves representing their neutral lines. Both ways
are expected to lead to almost identical results as shear deformation is usually negligible due to the high slenderness ratios
of typical biopolymers.
For simulations, the parameters kreact;on and kreact;off have to be speciﬁed. Various data sources can be used to this end. The
most important one is experiments such as presented in [42,43] where the on- and off-rates kon and koff of the bimolecular
reaction

LþF

kon
koff

LF

ð12Þ

are determined. Here LF is the species of linkers bound to a ﬁlament binding site. Denoting the molar concentration of a species by ½:, the number of binding and unbinding events per unit time and volume is given by deﬁnition of the on- and offrates by kon ½L½F and koff ½LF, respectively [26]. From the experimentally determined kon , one can immediately compute the
parameter kreact;on required in simulations. In view of (10), the expected number of binding events per time and ﬁlament
binding site is given by the on-rate kreact;on times the number of linkers in the reaction volume of a certain binding site, which
is ½LV react . To get the total number of binding events per volume, one has to multiply this term with the concentration of
ﬁlament binding sites per volume, i.e., with ½F, which leads to

kreact;on ½LV react ½F ¼ kon ½L½F

ð13Þ

and thus

kreact;on ¼ kon =V react :

ð14Þ

kreact;off ¼ koff ;

ð15Þ

With

simulation parameters can then directly be determined from the experimentally measured on- and off-rates of the bimolecular reaction (12). It is emphasized that in order to get a simulation parameter kreact;on consistent to the experimentally measured kon , not the real reaction volume is required in (14), but just the one used in the simulations, which is always known.
In case that experimental results are available only for either kon or koff , the respective other rate constant can be computed according to [26] by



kreact;on
DGLþF!LF
¼ exp 
kreact;off
kB T

ð16Þ

if at least the binding energy DGLþF!LF for linker binding is known. If no experimental data is available for a certain linkerﬁlament combination, MD simulations are another data source for on- and off-rates or binding energies.
At the end of this section, it seems worth comparing the above model for chemical interactions between linkers and ﬁlaments with previously published ones and discussing possible extensions.
In [7,8] a similar model for chemical interactions between ﬁlaments and linkers is proposed. There, however, chemical
bonds are assumed not to form with some probability pon , but rather always if the linker is in the reaction volume of the
ﬁlament and both have a proper relative orientation. The deﬁnition of the proper relative orientation for the reaction to happen requires some geometric parameters and tolerances. These are hard to determine in practice by experiments or MD simulations, which is a serious drawback of this approach. Furthermore, this model implicitly assumes that motion of ﬁlaments
and linkers can be simulated by a micromechanical model sufﬁciently exactly down to the length and time scale relevant for
chemical reactions. In reality, however, chemical reactions often happen on much a faster time scale and are furthermore
affected by geometric or electrostatic properties on much a smaller length scale than considered in a micromechanical model
on ﬁlament level. These potential problems of the approach pursued in [7,8] were the motivation for the development of a
new numerical model for chemical interactions between linkers and ﬁlaments in this article whose parameters can be determined straight forward from experimental data and which does not require the precise resolution of any events on length
and time scales relevant for the chemical reaction process itself.
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Another important difference between the ﬁnite element method introduced in this article and previously published approaches for the simulation of biopolymer networks is that our approach enables capturing the chirality of ﬁlaments and
linkers and therefore features such as a chiral arrangement of binding sites on the ﬁlaments as well as mechanical torsion
or anisotropic bending stiffness. It is emphasized that already in [7,8] it was tried to capture these features by means of a
Frenet-Serret frame, but that the formalism developed there is actually mathematically incorrect in case of general deformation, because of the singularity of the Frenet-Serret frame for straight ﬁlaments. In fact, classical bead-spring discretizations
as used in [7,8] are in general not suitable to model these physical details, but only bead-spring discretizations enriched by
material triads. These, however, result in inefﬁcient algorithms, which partially even suffer from numerical instability in case
of general deformation owing to singularities [11–13]. Thus the ﬁnite element method introduced in this article is anyway
preferrable over bead-spring methods if one wants to model mechanical and chemical effects related to chirality.
In order to further extend and improve the model of chemical interactions in ﬁnite element simulations, future work may
address an incorporation of Bell’s formula [26] in the computation of the chemical off-rate, and a generalization of the position of the binding sites so that they do not have to coincide with the nodes of the ﬁnite element discretization any longer,
but can be situated on arbitrary points on the ﬁlaments.
5.2. Mechanical contact
Mechanical contact interactions between ﬁlaments and linkers – which are in physics textbooks and articles usually referred to as ‘excluded volume effects’ – entail kinematic constraints to ﬁlament and linker motion which can be accounted
for as usual in ﬁnite element simulations [44]. Whether this is necessary, depends on the physical quantities and properties
of biopolymer networks one is interested in. For example, the equilibrium thermodynamics of networks consisting of (inﬁnitesimally) thin ﬁlaments and linkers is independent of contact interactions. For in thermodynamic equilibrium, the probability of a certain network conﬁguration depends only on its free energy, and for inﬁnitesimally thin ﬁlaments the difference
between the free energy of a system with and without excluded volume effects is almost surely equal to zero. Thus simulations lead to the same result with and without excluded volume effects, but faster in the latter case, because the rearrangement of the network into some speciﬁc equilibrium architecture happens faster without the kinematic constraints imposed
by contact interactions. Therefore their neglection is advisable in studies of the equilibrium thermodynamics of networks
such as presented in Section 7.3. Similarly, contact interactions can be neglected in studies of the viscoelasticity of homogeneous-isotropic networks in the small deformation regime if linker length and density are chosen high enough in order to
make sure that ﬁlaments interact at entanglement points rather by linker molecules than mechanical contact. Such a case
is considered, e.g., in the example in Section 7.2.
Whereas in certain special cases such as the above described ones contact interactions may be neglected, in general they
play an important role in biopolymer networks. They can be incorporated in the ﬁnite element approach described in this
paper by means of deterministic external forces in the equations of motion (3) and (7). As linkers are typically much smaller
than ﬁlaments, the volume of free and singly bound linkers may either be neglected completely in contact computations or
modeled as ball around the linker center or binding site to which the linker is attached. Doubly bound linkers are represented by beam elements and their volume can be accounted for in contact computations accordingly. If free and singly
bound linkers are neglected, contact can be modeled exclusively as what is referred to in ﬁnite element textbooks and articles as beam contact. In principle, the methods described there can be directly applied to biopolymer networks. For this article, a common penalty and augmented Lagrange method for beam contact were implemented and tested in the example
desscribed in Section 7.4. The tests conﬁrmed the in principal suitability of these methods for simulations of biopolymer networks, but revealed at the same time some deﬁciencies of the standard algorithms typically employed in this ﬁeld for example with respect to contact detection: because of the high slenderness ratio of biopolymers (e.g., around 103 for actin), the
deformation a ﬁlament segment experiences within one time step may be signiﬁcantly larger than its diameter. Standard
contact algorithms may therefore sometimes not even detect any contact if two ﬁlaments simply completely pass through
each other within one time step without overlapping in any iteration step in between. This naturally limits the time step size
and thereby the efﬁciency of the simulations in general. The development of reliable and efﬁcient remedies for such problems goes beyond the scope of this article, but is deﬁnitely a promising avenue of future research.
6. Multiscale simulations
The above introduced method for micromechanical simulations of biopolymer networks can be used alone or as part of a
framework for multiscale simulations. There are various ways how to do so and in the following we will discuss in more
detail only two simple ones, namely, a coupling to atomistic and MD simulations on the one hand, and a coupling to macroscopic continuum models on the other hand.
One can couple the above micromechanical model to atomistic and MD simulations in order to resolve processes even on
an atomistic scale, but to keep the overall computational cost for the simulation of a large biopolymer network still moderate. To this end, atomistic and MD simulations are applied only at the few spots where a resolution below the micrometer
scale signiﬁcantly improves the accuracy. This is especially the case in the region where aggregation or disaggregation of
chemical bonds happens. Both events are triggered by processes on a time and length scale way below the micrometer
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and second scale usually considered in simulations of biopolymer networks. Resolving these processes in detail by means of
MD simulations of the very neighbourhood of all spots where a linker and a ﬁlament binding site are close to each other may
allow for much more realistic simulations than the coarse model of chemical reactions introduced in Section 5.1. Furthermore, MD simulations can be exploited in order to capture more details of polymer elasticity. In [28–30], beam models of
polymers are considered only together with linear elastic constitutive laws. However, it is well-known that plasticity in form
of folding and unfolding of certain protein domains play a major role for biopolymers in some cases. Again, these events are
triggered by the structure of the polymers on a length scale way below the micrometer scale. Atomistic or MD simulations
could be coupled to our micromechanical model wherever the critical tension for folding and unfolding is exceeded in the
polymer. This way, one could drastically improve the accuracy of our simlutions without a major increase of the computational cost on the level of whole networks.
Macroscopic continuum simulations of biopolymer networks suffer from the severe problem that the macroscopic
mechanical properties of biopolymer networks may change dramatically owing to micromechanical processes such as reorganization processes of the network architecture [45] which cannot be captured straightforward by any so far proposed constitutive law. This could be captured by coupling micromechanical simulations as shown in this article to macroscopic
continuum models, e.g., at each Gauss point of the macroscopic models. We have recently proposed such an approach that
works for three dimensional problems and is able to model complex processes on the macroscale [46].
This way constitutive laws for the macroscopic model could be determined bottom-up and the effects of processes on
ﬁlament scale could be naturally incorporated into the macroscopic models. In Sections 7.2 and 7.3 it will be shown how
both the network architecture and the macroscopic viscoelastic moduli can be determined by micromechanical simulations
of biopolymer networks. This can be exploited, e.g., for the simulation of processes in tissue engineering and in the long run
perhaps also cancer therapy. To this end, one can model cells on cellular scale scale as continua whose mechanical properties
at different points in space can be resolved in detail by additional micromechanical simulations of the cytoskeleton in the
cells with the method introduced in this article.

7. Examples
7.1. General
In the following section, a series of examples will be presented for validation and veriﬁcation of the above introduced
approach for the simulation of biopolymer networks. In this section, all numerical values are given in terms of the basis units
micrometer, second, miligram and Kelvin if no other units are indicated explicitly. By default, temperature is set in the following examples to T ¼ 296:15, thermal energy to kB T  4:0889e3, which is equivalent to room temperature, ﬂuid viscosity to g ¼ 1e3, which is equivalent to the one of water at room temperature, the ﬂuid velocity ﬁelds to v ¼ 0 and x ¼ 0. For
the ﬁlaments we chose as default values: cross section A ¼ 1:9e7, Young’s modulus E ¼ 1:3e9, Poisson ratio m ¼ 0:3, moment of inertia of area perpendicular to the polymer axis I ¼ 2:8e  11, polar moment of inertia of area J ¼ 5:7e  11, translational friction coefﬁcient per unit length parallel to the polymer axis ctk ¼ 6:3e3, translational friction coefﬁcient per unit
length perpendicular to the polymer axis ct? ¼ 1:3e  2, rotational friction coefﬁcient per unit length about the polymer axis
crk ¼ 4:0e  5. For the linkers, we choose as default values: cross section Acl ¼ 2:4e  5, Young’s modulus Ecl ¼ 2:6e6, Poisson
ratio mcl ¼ 0:3, moment of inertia of area perpendicular to the polymer axis Icl ¼ 4:5e  11, polar moment of inertia of area
J cl ¼ 9:0e  11, linker length Rcl ¼ 0:1, linker length tolerance DRcl ¼ 0:02, translational friction coefﬁcient per unit length
parallel to the polymer axis ctk;cl ¼ 6:3e  3, translational friction coefﬁcient per unit length perpendicular to the polymer
axis ct?;cl ¼ 1:3e  2, rotational friction coefﬁcient per unit length about the polymer axis crk;cl ¼ 4:0e  5. The above parameters were determined as follows: ﬁlament parameters were in general adopted from the case ‘actin alone’ in Tables C.1 and
C.2 of [47]. In [8] it was found that axial stiffness of actin ﬁlaments plays only a minor role for networks without prestretch
and that in this case therefore an artiﬁcially slightly decreased extensional stiffness parameter is a good choice for numerical
simulations, because it does not alter the mechanical behavior perceptibly and yet renders at the same time the problem
numerically more convenient. Following the argumentation in [8], also we used in the present article as default value a
slightly reduced ﬁlament cross section as compared to Tables C.1 and C.2 of [47]. For similar reasons we furthermore employed a slightly increased rotational friction coefﬁcient crk after having conﬁrmed the small inﬂuence of this parameter
to this physics studied in the examples below. Owing to a lack of data from experiments or MD simulations, the linker cross
section could be chosen only heuristically in such a way that linkers were almost inextensible in axial direction, but quite
soft towards torsion and bending, which is in good accordance with what is generally assumed by experimentalists for long
linkers such as ﬁlamin whose length from Table 1 is used as linker length. Linker friction coefﬁcients were computed according to the equations given in [30] from their length and the viscosity of the surrounding ﬂuid.
The equation system in the implicit Euler scheme is solved with the PTC method introduced in [30] with the parameters
cPTC;trans;1 ¼ 0, cPTC;rot;1 ¼ 0:145, and aPTC ¼ 6:0. In general, simulations start with straight ﬁlaments. Theories in polymer physics, however, often assume an equilibrated conﬁguration as starting point, which is a conﬁguration where ﬁlaments have
already undergone a stochastic bending deformation characteristic for the respective temperature. Therefore in Section 7.2
and 7.3 simulation data is analyzed only after an initial equilibration time sbend  ðct? =EIÞðL=pÞ4 , which is the characteristic
time constant of the slowest bending eigenmode of a ﬁlament with length L [26], and therefore the span on time ﬁlaments

Author's personal copy
C.J. Cyron et al. / Journal of Computational Physics 244 (2013) 236–251

247

Fig. 3. Initial conﬁguration at point in time t ¼ 0 (left) and conﬁguration at t ¼ sbend : at t ¼ sbend ﬁlaments are not only randomly distributed, but also
stochastically ondulated thereby representing a typical thermal equilibrium conﬁguration.

need to reach a conﬁguration characteristic for thermal equilibrium (cf. Fig. 3). For all examples, simple periodic boundary
conditions are used except for the one in Section 7.2. Here, simple periodic boundary conditions are only used in x1 - and x2 direction. At the x3 -boundaries of the simulation volume, periodic boundary conditions are combined with a sinosoidal
Dirichlet condition imposed on the ﬁlaments causing a shear deformation of the network.
7.2. Viscoelasticity of permanently cross-linked actin networks
The cytoskeleton in biological cells is a biopolymer network mainly consisting of actin ﬁlaments, intermediate ﬁlaments
and microtubules. In order to explore the physical foundations of the cytoskeleton, often pure actin networks are studied as
model systems with different kinds of linkers. The viscoelastic properties of such networks have attracted signiﬁcant attention in the last years (cf. [49] for recent references). Clearly, the computational analysis of the viscoelasticity of actin networks is an important application for the model developed in this article. A comprehensive and general numerical study
of the viscoelasticity of actin networks goes by far beyond the scope of this paper. However, in this section at least the general capability of the simulation model introduced above to capture this viscoelasticity on a micromechanical scale will be
demonstrated. To this end, the storage modulus G and loss modulus G of an actin-rigor-HMM network with glutaraldehyde measured experimentally [48] are compared to the ones observed in computer simulations based on our novel computational approach. Glutaraldehyde serves here in order to prevent the chemical bonds between actin and rigor-HMM from
breaking up so that once established cross-links between actin ﬁlaments become permanent. As compared to the default
values given in Section 7.1, friction coefﬁcients were chosen by a factor 18 smaller, in order to account for the decreased drag
forces and moments due to hydrodynamic interactions. As no accurate theories for hydrodynamic interactions in networks
are available so far, this factor has been determined just by ﬁtting experimental data. It is underlined that the applied default
value for Rcl is 2.5 times larger than indicated for HMM in Table 1 in order to compensate for the fact that the distance between the ﬁlament binding sites in the simulation is h ¼ 0:125 and therefore also much larger than in reality. Chemical interactions between ﬁlaments and linkers are governed by the parameters / ¼ p=4, D/ ¼ p=4, kreact;on ¼ 1e13, and kreact;off ¼ 2.
The latter on- and off-rates are used only in the beginning of the simulations until the altogether ncl ¼ 1400 linkers in the
simulation volume have formed a great number of crosslinks between the ﬁlaments. Subsequently, both are set to zero
so that no further chemical bonds are formed or destroyed. This way, the effect of glutaraldehyde is mimicked which prevents chemical bonds between actin and rigor-HMM from breaking up so that in the beginning, rapidly a great number of
chemical bonds is formed which than remains stable. The overly high on-rate in the beginning is used in order to accelerate
the formation of chemical bonds so that the network reaches an equilibrium conﬁguration in a shorter span on time.
The computer simulation is performed with time step sizes within the interval Dt 2 ½4e  5; 1e  3 – small time steps for
high load frequencies and large time steps for low load frequencies – in the cubic simulation volume ½0; 4  ½0; 4  ½0; 4. In
x1 - and x2 -direction, periodic boundary conditions are applied. In x3 -direction, a sinosoidal shear deformation u is imposed to
the network by a Dirichlet condition with u2 ¼ u3 ¼ 0 and

u1 ðx; tÞ ¼

0:08 sin 2pft

if x3 ¼ 4

0

if x3 ¼ 0;

ð17Þ

where f is the oscillation frequency of the shear deformation. This shear deformation entails in the background ﬂuid the
velocity ﬁelds

v

0
1
0 0 1
u_1 B
C
¼ @ 0 0 0 Ax: x ¼ 0:
5
0 0 0

ð18Þ
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Fig. 4. Comparison (left) between storage (circles) and loss (squares) moduli observed in simulations (black) and experiments (grey, [48]) and theoretically
predicted 3/4-slope for high frequencies (dashed line); simulated actin-rigor-HMM network with glutaraldehyde (right).

Fig. 4 shows good agreement between experiments and computer simulations up to 10 Hz. For frequencies higher than
10 Hz, no experimental data is available. However, in the limit of very high frequencies theorists [50] predicted a 3=4-slope
for G and G . This slope is obviously reproduced correctly by the simulations for G beyond 103 Hz, and also G seems to
approach it more and more in the limit of very high frequencies. Fig. 4 clearly demonstrates the capacity of the micromechanical model developed in this article to capture macroscopic material properties of biopolymer networks such as their
viscoelastic moduli. It is underlined that previously published models are not suitable for the low frequency regime examined in this example owing to their tremendous computational cost. For example, the bead-spring model used in [8] enabled
simulations only down to a load frequency of f ¼ 1Hz and even this only at an excessive computational cost (cf. Section 7.4).
In contrast, with the simulation model developed in this paper, computational studies also in the low frequency regime far
below 1Hz are possible. This is especially important, because many biologically relevant processes in biopolymer networks
happen on the length scale 1–10 lm and time scale 10–103 s. To the authors’ knowledge the proposed numerical method is
the ﬁrst one suitable for these scales.
7.3. Structural polymorphism
Structural polymorphism is well-known to largely determine the viscoelasticity of living cells [45]: in a variety of experiments (see [49] for recent references) different super-structures have been observed in biopolymer networks which may
arise instead of a simple homogeneous, isotropic network architecture. Namely, bundles [51], clusters [45] and layers
[52] have been observed, whereas in theoretical studies [53] bundles and cubatic structures were predicted. A strong dependency of different network structures on certain crosslinker properties has been hypothesized. Yet, the difﬁculties in manipulating single properties of crosslinkers molecules and setting them to taylor-made values have rendered it so far impossible
to verify these hypotheses by experiments. In this section we brieﬂy demonstrate the possibilities the computational framework introduced in this article offers in this ﬁeld: we simulated in a cubic volume of edge length H ¼ 5 a network of actin
biopolymers with a ﬁlament concentration ca ¼ 4 lM at room temperature. All ﬁlaments were supposed to have the length
L ¼ 4, and linker cross section was chosen as Acl ¼ 4:8e  6. All other ﬁlament and linker parameters were chosen identical to
the default parameters in Section 7.1. Simulation time step size and spatial discretization length were set to Dt ¼ 0:01 and
h ¼ 0:125. Depending on the concentrations and different physical properties of ﬁlaments and linkers, e.g., the orientation
constraints for cross-linking deﬁned by / and D/, homogeneous-isotropic networks, bundles, clusters and layers were observed in the computer simulations, i.e., exactly the network architectures observed also in experiments. These simulation
results are illustrated in Fig. 5 and demonstrate that the computational method introduced in this article is suitable for
numerical studies of the structural polymorphism of biopolymer networks. A comprehensive such study clarifying exactly
the effect of the different physical properties of linkers and ﬁlaments to the structural polymorphism will be presented in
future work.
7.4. Computational performance
Since the 1960s so-called bead-spring models have been applied in computational polymer physics for BD simulations,
usually together with an explicit Euler time integration scheme. In [7,8], this approach is employed for micromechanical
computer simulations of actin networks. In this section, the efﬁciency of this approach and the ﬁnite element approach
developed in this article are compared. The simulation of a 12 lM actin network in a cube with edge length 2.8 over the span
on time t max ¼ 1 is reported in [8] to take approximately 16 days on a single core of an Intel Xeon 2.66 GHz CPU with a
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Fig. 5. Isotropic, bundle, cluster and layer (from left to right) network phase reproduced in a ﬁnite element simulation of a 4 lM actin network, illustrated
with (top) and without (bottom) crosslinker molecules.

classical bead-spring model. A system with identical physical parameters was simulated with the ﬁnite element method
developed in this article. There, the discretization length h was chosen equal to the one of the bead-spring discretization employed in [8]. The parallel rotational friction coefﬁcients and the Poisson ratios, which do not exist in bead-spring discretizations, were set to crk ¼ crk;cl ¼ 7:3e  4 and m ¼ mcl ¼ 0:3, and excluded volume effects were accounted for by means of an
augmented Lagrange method with overlap tolerance 5e4. On a single core of an Intel Core2 Quad Q6600 2.40 GHz CPU,
which exhibits approximately the same performance as the hardware employed in [8], the ﬁnite element simulation took
only 325 min and was therefore 71 times – i.e., roughly two orders of magnitude – faster than the bead-spring simulation
shown in [8]. The superior performance of the ﬁnite element method is even underlined by the fact that in [8] a code tailormade for bead-spring simulations of biopolymer networks was employed whereas the ﬁnite element simulation was conducted in the multipurpose in-house code BACI of the Institute for Computational Mechanics of the Technische Universität
München. As a critical remark, it seems worth underlining that it is a deﬁciency of the above performance comparison that
both simulation methods were not tested on one and the same hardware and operating system. The assumption that the
computing power provided by the respective different environments in which the two methods were tested was comparable
can be veriﬁed only roughly by public standard benchmarks such as Geekbench. However, in view of the overwhelming performance difference found, it seems acceptable neglecting the minor inaccuracies introduced thereby.
To a great extent, the low computational cost of the ﬁnite element simulation can deﬁnitely be explained by the fact that
the implicit Euler scheme allows for a time step size 4.86e5 times larger than the explicit scheme used in [8]. Therefore an
important question is whether a bead-spring model with the same implicit Euler scheme might not be even more efﬁcient
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due to the simplicity of bead-spring models as compared to ﬁnite element models. Fig. 6 demonstrates, however, that the
computational cost of a discretization with ﬁnite beam elements is comparable to the one of a bead-spring discretization
for an implicit Euler scheme, and that it achieves at the same time an accuracy by a factor of 4 higher. At the same time,
ﬁnite elements offer a variety of additional beneﬁts such as material triads allowing for a consistent torsion model and a
detailed model of the geometry of chemical binding sites. In addition to that, it is underlined that here only ﬁnite elements
based on Reissner’s beam theory are discussed. However, owing to the high slenderness ratios of many biopolymers, nonlinear Euler–Bernoulli beam elements are actually expected to be even more accurate and efﬁcient – the only reason why
such elements are not considered in this paper is that to the author’s knowledge no fully nonlinear geometrically exact Euler–Bernoulli beam element has been developed and published so far. Altogether, these arguments clearly reveal that ﬁnite
elements are more suitable for the spatial discretization of ﬁlaments in biopolymer networks and have much a greater potential in the future than bead-spring models.
8. Conclusions
In this article we introduced a framework for micromechanical simulations of biopolymer networks with ﬁnite beam elements. To this end the ﬁlaments, linkers and ﬂuid in the network are modeled as continua, respectively. This micromechanical point of view allows for a resolution of processes down to the micrometer length scale, which is generally assumed to be
the most relevant one for the mechanics of such networks. This way it enables much more detailed analyses of biopolymer
networks than macroscopic continuum models do, where the whole network is just considered as a bulk with a suitable
material law. On the other hand and in opposition to Molecular Dynamics simulations, the computational cost of our approach still allows for the simulation of systems on the biologically most relevant length scale 1–10 lm and time scale
10–103 s. In opposition to various previous micromechanical models of biopolymer networks based on ﬁnite elements
[5,2–4], our approach captures also effects of non-equilibrium statistical mechanics. This has been possible so far only by
means of heuristic ﬁlament discretizations such as bead-spring models and at a tremendous computational cost [7,8]. In contrast to that, the ﬁnite element discretization of the ﬁlaments we use can be derived from ﬁrst principles of Newtonian and
statistical mechanics in a stringent mathematical way and results together with a backward Euler time integration scheme in
algorithms which are approximately two orders of magnitude faster than state-of-the-art methods such as bead-spring models. This way, the approach we described above allows for addressing problems no other numerical method could deal with
so far, especially the analysis of the viscoelastic low frequency regime of biopolymer networks or of their structural
polymorhpism.
The framework we introduced in this article is essentially based on the discretization of biopolymers with ﬁnite beam
elements and a backward Euler time integration scheme. Therefore it can be implemented quickly in already existing ﬁnite
element codes. All these advantages give reason to the hope that the ﬁnite element approach introduced in this article has
the potential to completely substitute traditional approaches such as bead-spring models in the simulation of biopolymer
networks in the medium term.
As pointed out in Section 6, the simulation approach discussed in this article can not only be used alone, but also in various ways for multiscale simulations: on the one hand, it can be enriched by information gained from additional atomistic or
MD simulations about processes on smaller length and time scales. On the other hand, simulations on ﬁlament level as discussed in this article can be used as information source for coarser continuum models allowing for simulations of very large
systems. For example, on cellular scale, processes in tissue engineering or in the long run perhaps also cancer therapy could
be simulated modeling each cell as a mechanical continuum, and information about the mechanical properties of these continua at different points in space could be determined by additional micromechanical simulations of the cytoskeleton with
the framework introduced in this article. This way, coupled simulations on cellular and subcellular scale could enable detailed and realistic computer models of multi-cell systems.
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